ABSTRACT. Let M g be the moduli space of smooth curves of genus g ≥ 3, andM g the DeligneMumford compactification in terms of stable curves. LetM
INTRODUCTION
Throughout this paper, we fix an algebraically closed field k, and every algebraic scheme is defined over k. For simplicity, we assume that the characteristic of k is zero in this introduction.
Let X be a normal complete variety and P a certain kind of positivity of Q-line bundles on X (e.g. ampleness, effectivity, bigness, etc). A problem to describe the cone Cone(X; P) consisting of Q-line bundles with the positivity P is usually very hard and interesting. In this paper, as positivity, we consider numerical effectivity over a fixed open set. Namely, let U be a Zariski open set of X. We say a Q-line bundle L is nef over U if, for all irreducible curves C with C ∩ U = ∅, (L · C) ≥ 0. We define the relative nef cone Nef(X; U) over U to be the cone of Q-line bundles on X which are nef over U.
Let g and n be non-negative integers with 2g − 2 + n > 0. LetM g,n (resp. M g,n ) denote the moduli space of n-pointed stable curves (resp. n-pointed smooth curves) of genus g. For a nonnegative integer t, an irreducible component of the closed subscheme consisting of curves with at least t nodes is called a t-codimensional stratum ofM g,n . (For example, a 1-codimensional stratum is a boundary component.) We denote by S t (M g,n ) the set of all t-codimensional strata of M g,n . LetM i.e.,M [t] g,n is the open set consisting of curves with at most t nodes. (Note thatM [0] g,n = M g,n .) Here we consider the following problem: Problem A. Describe the tower of relative nef cones Nef(M g,n ; M g,n ) ⊇ Nef(M g,n ;M [1] g,n ) ⊇ · · · ⊇ Nef(M g,n ;M [3g−3+n−1] g,n ) = Nef(M g,n ).
We say a Q-divisor onM g,n is F-nef if the intersection number with every 1-dimensional stratum is non-negative. Let FNef(M g,n ) denote the cone consisting of F-nef Q-divisors. Concerning the top Nef(M g,n ) of the tower, it is conjectured in [4] , [7] and [5] that FNef(M g,n ) = Nef(M g,n ). In other words, the Mori cone ofM g,n is generated by 1-dimensional strata, which gives rise to a concrete description of Nef(M g,n ) (cf. [4] , [7] and [5] ). Moreover, it is closely related to the relative nef cone Nef(M g,n ; M g,n ). Actually, it was shown in [5] that if the weaker assertion FNef(M g,n ) ⊆ Nef(M g,n ; M g,n ) holds for all g, n, then FNef(M g,n ) = Nef(M g,n ). Further, as discussed in [5] ,M g,n admits no interesting birational morphism to a projective variety. However, we can expect the rich birational geometry onM g,n in terms of rational maps. In this sense, to understand the tower of relative nef cones as above might be a step toward this natural problem.
We assume that g ≥ 3 and n = 0. Let λ be the Hodge class onM g , and δ irr , δ 1 , . . . , δ [g/2] the classes of irreducible components of the boundaryM g \ M g . Let µ be a divisor onM g given by
In the paper [11] , we proved that Nef(M g ; M g ) is the convex hull spanned by µ, δ irr , δ 1 , . . . , δ [g/2] , that is,
where Q + = {x ∈ Q | x ≥ 0}. The main result of this paper is to determine Nef(M g ;M [1] g ).
Theorem B (cf. Theorem 5.1). A Q-divisor aµ
i=1 b i δ i onM g is nef overM [1] g if and only if the following system of inequalities hold: .
An interesting point is that the above theorem shows us that µ is not only nef over M g but also nef overM [1] g . Moreover, the theorem tells us that every nef Q-divisor overM [1] g can be obtained in the following way. Namely, we first fix a non-negative rational number b irr , and take b 1 with
Further, we choose b 2 , . . . , b [g/2] inductively by using
Finally, we take a with a ≥ max b i 4i(g − i)
| i = 1, . . . , [g/2] .
Then, a Q-divisor given by aµ + b irr δ irr +
[g/2]
i=1 b i δ i is nef overM [1] g . Further, as corollaries of the above theorem, we have the following.
Corollary C (cf. Corollary 5.2).
For an irreducible component ∆ of the boundaryM g \ M g , let ∆ be the normalization of ∆, and ρ ∆ : ∆ →M g the induced morphism. Then, a Q-divisor D onM g is nef overM [1] g if and only if the following are satisfied: g ) for every boundary component ∆, then D is nef overM [1] g . In particular, the Mori cone ofM g is the convex hull spanned by curves lying on the boundaryM g \ M g , which gives rise to a special case of [5, Proposition 3.1] .
Let us go back to the general situation. Similarly, for ∆ ∈ S l (M g,n ), let ∆ be the normalization of ∆, and ρ ∆ : ∆ →M g,n the induced morphism. Inspired by the above corollaries, we have the following questions:
Question E. For a non-negative integer t, if a Q-divisor D onM g,n is nef overM [t] g,n , then is ρ * ∆ (D) weakly positive at any points of ρ
g,n ) for all 0 ≤ l ≤ t and all ∆ ∈ S l (M g,n )? More strongly, if D is nef overM [t] g,n , then is D weakly positive at any points ofM [t] g,n ?
Question F. Fix an integer t with 0 ≤ t ≤ 3g
g,n ? In the case t = 3g − 3 + n − 1, the above question is nothing more than asking FNef(M g,n ) = Nef(M g,n ).
In order to get the above theorem, we need a certain kind of slope inequalities on the moduli space of n-pointed stable curves. The Q-line bundles λ and ψ 1 , . . . , ψ n onM g,n are defined as follows: Let π :M g,n+1 →M g,n be the universal curve ofM g,n , and s 1 , . . . , s n :M g,n →M g,n+1 the sections of π arising from the n-points ofM g,n . Then, λ = det(π * (ωM g,n+1 /Mg,n )) and ψ i = s * i (ωM g,n+1 /Mg,n ) for i = 1, . . . , n. Here we set
[n] = {1, . . . , n} (note that [0] = ∅),
Moreover, for a finite set S, we denote the number of it by |S|. The boundaryM g,n \ M g,n has the following irreducible decomposition:
A general point of ∆ irr represents an n-pointed irreducible stable curve with one node. A general point of ∆ {(i,I),(j,J)} represents an n-pointed stable curve consisting of an |I|-pointed smooth curve C 1 of genus i and a |J|-pointed smooth curve C 2 of genus j meeting transversally at one point, where |I|-points on C 1 (resp. |J|-points on C 2 ) arise from {s t } t∈I (resp. {s l } l∈J ). Let δ irr and δ {(i,I),(j,J)} be the classes of ∆ irr and
Then, we have the following.
, the divisor θ L is weakly positive at any points of M g,n . In particular, it is nef over M g,n .
We remark that R. Hain has already announced the above inequality in the case where n = 1. (For details, see [6] .) Theorem G is a generalization of his inequality.
Here we assume that g ≥ 2. First note that
is nef over M g,n . Thus, as a consequence of Theorem G, we can see that
so that we may ask the following question:
Corollary 4.2 and Corollary 4.3 are partial answers for the above question. If the above question is true, then it gives an affirmative answer of Question E for t = 0.
Finally, we would like to give hearty thanks to Prof. Hain and Prof. Keel for their useful comments for this paper.
NOTATIONS, CONVENTIONS, TERMINOLOGY AND PRELIMINARIES
Throughout this paper, we fix an algebraically closed field k, and every algebraic scheme is defined over k.
1.1. The positivity of Weil divisors. Let X be a normal variety. Let denote Z 1 (X) (resp. Div(X)) the group of Weil divisors (resp. Cartier divisors) on X, and ∼ the linear equivalence on Z 1 (X). We set A 1 (X) = Z 1 (X)/∼ and Pic(X) = Div(X)/∼. Note that Pic(X) is canonically isomorphic to the Picard group (the group of isomorphism classes of line bundles). Moreover, we denote by Ref(X) the set of isomorphism classes of reflexive sheaves of rank 1 on X. For a Weil divisor D,
for each Zariski open set U of X. Then, we can see
Conversely, let L be a reflexive sheaf of rank 1 on X. For a non-zero rational section s of L, div(s) is defined as follows: Let X 0 be the maximal Zariski open set of X over which L is locally free. Note that
there is a positive integer n such that nD 1 , nD 2 ∈ Z 1 (X) and nD 1 ∼ nD 2 , i.e., D 1 coincides with In the above definition, if D, D m and Z i 's are Q-Cartier divisors, then D is said to be weakly positive over S in terms of Cartier divisors (for short, C-weakly positive over S). Further, if D is semi-ample over {x} for some x ∈ X, then we say D is semi-ample at x. Similarly, we define the weak positivity of D at x and the C-weak positivity of D at x. We remark that weak positivity in [11] is nothing more than C-weak positivity. Moreover, note that if a Q-divisor D is semi-ample at x, then D is a Q-Cartier divisor around x, i.e., there is a Zariski open set U of X such that x ∈ U and D| U is a Q-Cartier divisor on U.
A normal variety X is said to be Q-factorial if Z 1 (X) ⊗ Q = Div(X) ⊗ Q, i.e., any Weil divisors are Q-Cartier divisors. It is well known that if Y → X is a finite and surjective morphism of normal varieties and Y is Q-factorial, then X is also Q-factorial (cf. [8, Lemma 5.16] ). Thus the moduli spaceM g,n of n-pointed stable curves of genus g is Q-factorial becauseM g,n is an orbifold. If X is Q-factorial, then the weak positivity of D over S coincides with the C-weak positivity of D over S.
We assume that X is complete and D is a Q-Cartier divisor. We say D is nef over S if (D·C) ≥ 0 for any complete irreducible curves C with S ∩ C = ∅. Moreover, for a point x of X, we say D is nef at x if D is nef over {x}. Note that "D is semi-ample at x" =⇒ "D is C-weakly positive at x" =⇒ "D is nef at x" Lemma 1.1.1 (char(k) ≥ 0). Let D be a Q-divisor on X, and x 1 , . . . , x n ∈ X. If D is semi-ample at x i for each i, then there is an effective Q-divisor E on X such that E ∼ Q D and x i ∈ Supp(E) for all i.
Proof. By our assumption, there is an effective Q-divisor E i on X such that E i ∼ Q D and x i ∈ Supp(E i ). Take a sufficiently large integer m such that mD, mE 1 , . . . , mE n ∈ Z 1 (X) and mD ∼ mE i for all i. Thus, there is a section (
is weakly positive over S.
Proof.
(1) By Lemma 1.1.1, there is an effective divisor E on X such that E ∼ Q D and
(2) This is a consequence of (1). 
This is a consequence of (1).
2
Proof. First we assume that p * (D) + q * (E) is nef at (x, y). Let C be a complete irreducible curve on X with x ∈ C. Then, C y = C × {y} is a complete curve on X × Y with (x, y) ∈ C y . Moreover, (p
, which says us that D is nef at x. In the same way, we can see that E is nef at y.
Next we assume that D and E are nef at x and y respectively. In order to see that p * (D) + q * (E) is nef at (x, y), it is sufficient to check that (p * (D) · C) ≥ 0 and (q * (E) · C) ≥ 0 for any complete irreducible curves C on X ×Y with (x, y) ∈ C. Here, p(C) is either {x}, or a complete irreducible curve passing through x. Thus, by virtue of the projection formula, (p
The first Chern class of coherent sheaves. Let X be a normal variety, and F a coherent O X -module on X. Here we define c 1 (F ) ∈ A 1 (X) in the following way. Case 1. F is a torsion sheaf. In this case, we set
where {P } is the Zariski closure of {P } in X. Then, c 1 (F ) is defined by the class of D.
Case 2. F is a torsion free sheaf. Let r be the rank of F . Then, ( r F ) ∨∨ is a reflexive sheaf of rank 1, where ∨∨ means the double dual of sheaves. Thus, we define c 1 (F ) to be the class of
. Moreover, let L be a reflexive sheaf of rank 1 on X, and s a non-zero section of L. Then Proof. Let T be the torsion part of F . Then, c 1 (F ) = c 1 (F/T ) + c 1 (T ). Here since F is free at x, c 1 (T ) is semi-ample at x. Moreover, it is easy to see that F/T is generated by global sections at x. Therefore, to prove our proposition, we may assume that F is a torsion free sheaf.
Let r be the rank of F and κ(x) the residue field of x. Then, by our assumption, there are sections s 1 , . . . , s r of F such that {s i (x)} forms a basis of F ⊗ κ(x). Since we can view s i as an injection
The discriminant divisor of vector bundles. Let f : X → Y be a proper surjective morphism of algebraic varieties of the relative dimension one, and let E be a locally free sheaf on X.
We define the discriminant divisor of E with respect to f to be
Lemma 1.3.1 (char(k) ≥ 0). Let f : X → Y be a flat, surjective and projective morphism of varieties with dim f = 1. Let E be a vector bundle of rank r on X. Then, we have the following.
morphism of varieties, and let
Proof. (1) We set F = End(E). Let p : P = P(F ) → X be the projective bundle of F , and O P (1) the tautological line bundle on P . Let g : P → Y be the composition of
where
is Deligne's pairing for the flat morphism g : 
denote the moduli space of T -pointed stable curves (resp. T -pointed smooth curves) of genus g, namely,M g,T (resp. M g,T ) is the moduli space of |T |-pointed stable curves (resp. |T |-pointed smooth curves) of genus g, whose marked points are labeled by the index set T . Roughly speaking, the Q-line bundles λ and {ψ t } t∈T onM g,T are defined as follows: Let π : C →M g,T be the universal curve ofM g,T , and
For x ∈M g,T , let denote C x the nodal curve corresponding to x (here we forget the T -points). Let S l (M g,T ) be the set of all irreducible components of the closed set
Then, every element of S l (M g,T ) is of codimension l, so that it is called an l-codimensional stratum ofM g,T . Note thatM g,T \ M g,T is a normal crossing divisor in the sense of orbifolds. Thus the normalization of an element of S l (M g,T ) is Q-factorial. Moreover, we set
To describe the boundary ofM g,T , we set
Then, the boundary ∆ =M g,T \ M g,T has the following irreducible decomposition:
A general point of ∆ irr represents a T -pointed irreducible stable curve with one node. A general point of ∆ {(i,I),(j,J)} represents a T -pointed stable curve consisting of an I-pointed smooth curve of genus i and a J-pointed smooth curve of genus j meeting transversally at one point.
In the case where T = ∅, we denote δ {(i,∅),(j,∅)} by δ {i,j} or δ min{i,j} , i.e.,
be a T -pointed stable curve of genus g over k. Let Q be a node of Z, and Z Q the partial normalization of Z at Q. Then, the type of Q is defined as follows:
• The case where Z Q is connected. Then, Q is of type 0.
• The case where Z Q is not connected. Let Z 1 and Z 2 be two connected components of Z Q . Let i (resp. j) be the arithmetic genus of Z 1 (resp. Z 2 ). Let I = {t ∈ T | P t ∈ Z 1 } and
In the case where T = ∅, for simplicity, a node of type {(i, ∅), (j, ∅)} is said to be of type i, where i ≤ j. Let Y be a normal variety, and let f : X → Y be a T -pointed stable curve of genus g over Y . Let Y 0 be the maximal open set over which f is smooth. Assume that Y 0 = ∅. For x ∈ X, we define mult x (X) to be length O X,x (ω X/Y /Ω X/Y ). If x is the generic point of a subvariety T , then we denote mult x (X) by mult T (X). If x is closed, Y is smooth at f (x) and Y \ Y 0 is smooth at f (x), then X is locally given by {xy = t mult x (X) } around x, where t is a defining equation of Y \ Y 0 around f (x). Thus, if Y is a curve, then the type of singularity at x is A multx(X)−1 .
Here, for υ ∈ Υ g,T , let S(X/Y ) υ (resp. S(X/Y ) irr ) be the set of irreducible components of Sing(f ) such that the type of s in f
Then, δ irr and δ υ are normalized to guarantee the following formula:
1.5. The clutching maps. Here let us consider the clutching maps and their properties. Let π : X → Y be a prestable curve, i.e., π : X → Y is a flat and proper morphism such that the geometric fibers of π are reduced curves with at most ordinary double points. We don't assume the connectedness of fibers. Let s 1 , s 2 : Y → X be two non-crossing sections such that π is smooth at points s 1 (y) and s 2 (y) (∀y ∈ Y ). Then, by virtue of [9, Theorem 3.4], we have the clutching diagram:
′ is a prestable curve over Y obtained by identifying s 1 (Y ) with s 2 (Y ), and s is a section of X ′ → Y with p · s 1 = p · s 2 = s. For details, see [9, Theorem 3.4] . We assume that π ′ : X ′ → Y is a T -pointed stable curve of genus g, and s is one of sections of
Then, we have the following. Proposition 1.5.1. For simplicity, the divisor δ irr onM g,T is denoted by δ 0 .
(1) ϕ * (λ) = Λ and ϕ
(2) We assume that π(Sing(π)) = Y and every geometric fiber of π has one node at most. Let
be the decomposition such that the node of π −1 (x) (x ∈ (∆ t ) red ) gives rise to a node of type
, the first statement is obvious. Thus, we can see that
On the other hand, by [9, Theorem 3.5] , there is an exact sequence
Therefore, we get (1).
(2) This is a consequence of (1). 2
As a corollary, we have the following. 
Let g be a non-negative integer and T a finite set with |T | ≥ 2 and 2g − 2 + |T | > 0. Let us fix two elements t, t ′ ∈ T , and set
Proof. In the following, for x ∈M * , * , we denote by C x the corresponding nodal curve to x.
(1) If C α(x,y) has two nodes, then we denote by ty(x, y) the type of the node different from the node arising from the clutching map. Then,
b,S and s ∈ J ′′ .
Thus, we get (1) by the above proposition.
(2) In the same way as above, if C β(x) has two nodes, then we denote by ty ′ (x) the type of the node different from the node arising from the clutching map. Then,
g,T and t, t ′ ∈ J ′ , which implies (2) by the above proposition. 2
A GENERALIZATION OF RELATIVE BOGOMOLOV'S INEQUALITY
Let f : X → Y be a projective morphism of quasi-projective varieties of the relative dimension one, and let E be a locally free sheaf on X. Let us fix a point y ∈ Y . Assume that f is smooth over y and E| f −1 (y) is strongly semistable. In the paper [11] , we proved that dis X/Y (E) is weakly positive at y under the assumption that Y is smooth. In this section, we generalize it to the case where Y is normal. 
Thus, by virtue of [11, Lemma 2.3] , there are 
Since X is an integral scheme of dimension greater than or equal to 2, and X s (s ∈ S) is a 1-dimensional scheme over κ(s), there is B ∈ |A ⊗2 | such that B is integral, and that B ∩ X s is finite for all s ∈ S, i.e., B is finite over any points of S. Let π : B → Y be the morphism induced by f . Let H be an ample line bundle on Y such that π * (F B ) ⊗ H and π * (A B ) ⊗ H are generated by global sections at any points of S, where F B = F | B and A B = A| B .
By using Proposition 2.1, there are Q-divisors Z 0 , . . . , Z r on Y such that 
By (a) and (b) of Claim 2.2.2,
Hence, it is sufficient to show that
is semi-ample over S. Let C be a smooth projective curve and E a vector bundle on C. We say E is strongly semistable if, for any finite morphisms φ : C ′ → C of smooth projective curves, φ * (E) is semistable. Note that if char(k) = 0 and E is semistable, then E is strongly semistable. As a corollary, we have the following, which can be proved in the exactly same way as [11, Corollary 2.5]. Remark 2.4 (char(k) = 0). In [11] , we proved that the divisor
onM g is weakly positive over any finite subsets of M g . Here we give an alternative proof of this inequality.
Fix a polynomial P g (m) = (6m − 1)(g − 1). Let H g ⊂ Hilb Pg P 5g−6 be a subscheme of all tricanonically embedded stable curves, Z g ⊂ H g × P 5g−6 the universal tri-canonically embedded stable curves, and f g : Z g → H g the natural projection. Then, G = PGL(5g − 5) acts on Z g and H g , and f g is a G-morphism. (1) G acts on W g , and π is a G-morphism.
we can easily see that U g is also a principal G-bundle and the geometric quotient X = U g /G gives rise to a stable curve f : X → Y over Y . Moreover, U g = W g × Y X. Then, we have the following commutative diagram:
Let ∆ be the minimal closed subset of H g such that f g is not smooth over a point of ∆. Then, by [2, Theorem (1.6) and Corollary (1.9)], Z g and H g are quasi-projective and smooth, and ∆ is a divisor with only normal crossings.
is a stable curve with one node of type i (resp. irreducible stable curve with one node).
Form now on, we consider everything overM [1] g . (Recall thatM [1] g is the set of stable curves with one node at most.) In the following, the superscript "0" means the objects overM 
, which is semistable on f
is a G-invariant locally free sheaf on U 0 g , so that π ′ * (F ) can be descended to X 0 because U g → X is a principal G-bundle. Namely, there is a locally free sheaf
). On the other hand, if we set
is weakly positive over any finite subsets of h g ) ≥ 2.
A CERTAIN KIND OF HYPERELLIPTIC FIBRATIONS
We say f : X → Y is a hyperelliptic fibered surface of genus g if X is a smooth projective surface, Y is a smooth projective curve, the generic fiber of f is a smooth hyperelliptic curve of genus g, and there is no (−1)-curve along each fiber of f . Since f is minimal, the hyperelliptic involution of the generic fiber extends to an automorphism of X over Y . We denote this automorphism by j. Clearly, the order of j is 2, namely, j = id X and j 2 = id X . The purpose of this section is to show the existence of a special kind of hyperelliptic fibered surfaces as described in the following propositions. 
every singular fiber of f is a stable curve consisting a smooth projective curve of genus i and a smooth projective curve of genus g − i meeting transversally at one point, (3) Γ 1 and Γ 2 gives rise to a 2-pointed stable curve (f : X → Y, Γ 1 , Γ 2 ), and that (4) the type of x in f −1 (f (x)) as 2-pointed stable curve is {(i, {1}), (g − i, {2})} for all x ∈ Sing(f ).
Let us begin with the following lemma. 
Lemma 3.6 (char(k) = 0). For non-negative integers
Moreover,
Proof. We can prove this lemma in the exactly same way as in [11, Lemma A.1] with a slight effort. We use the notation in [11, Lemma A.1] . Let F 1 and F 2 be curves in P 1 (X,Y ) × P 1 (S,T ) defined by {X = 0} and {X = Y } respectively. Note that
Thus, if we set Γ i = (ν 1 ) * (Γ i ), then we get our lemma. 2
In the following proofs, we use the notation in [11, Proposition A.2 and Proposition A.3].
The proof of Proposition 3.1: We apply Lemma 3.6 to the case where a 1 = 2i and a 2 = 2g − 2i − 1. We replace D 2 by D 2 + Γ 2 and a 2 by a 2 + 1. Then, (4), (5) and (6) hold for the new D 2 and a 2 . Thus, we can construct f : X → Y in exactly same way as in [11, Proposition A.2] . Since u * 2 (Γ 2 ) is the ramification locus of µ 3 , Γ = h * (u * 2 (Γ 2 )) red is a section of f 3 . Thus, if we set Γ = ν 3 (Γ), then we have our desired example.
The proof of Proposition 3.2: Applying Lemma 3.6 to the case where a 1 = 2i and a 2 = 2g−2i, we can construct f : X → Y in exactly same way as in [11, Proposition A.2] . Here let us consider
) does not intersect with the ramification locus of µ 3 , Γ ′ is etale over Y . Moreover, we can see
is not irreducible, then we choose Γ as one of irreducible component of Γ ′ . If Γ ′ is irreducible, then we consider X × Y Γ → Γ and the natural section of X × Y Γ → Γ. Then we get our desired example.
The proof of Proposition 3.3:
We apply Lemma 3.6 to the case where a 1 = 2i + 1 and a 2 = 2g − 2i − 2. We replace D 2 by D 2 + Γ 2 and a 2 by a 2 + 1. Then, (4), (5) and (6) hold for the new D 2 and a 2 . Note that deg(M 1 ) is even. Thus, we can get a double covering µ : X → X 1 in exactly same way as in [11, Proposition A.3] . Let f : X → Y 1 be the induced morphism, and Γ = µ * (Γ 2 ) red . Then, we have our desired example.
The proof of Proposition 3.4:
Applying Lemma 3.6 to the case where a 1 = 2i+1 and a 2 = 2g− 2i − 1, we can get a double covering µ : X → X 1 in exactly same way as in [11, Proposition A.3] . Let f : X → Y 1 be the induced morphism and 
) red are sections of f 3 . Thus, if we set Γ 1 = ν 3 (Γ 1 ) and Γ 2 = ν 3 (Γ 2 ), then we have our desired example.
Finally, let us consider the following two lemmas, which will be used in the later section. Proof. Replacing L by L ⊗n (n = 0), we may assume that L| Xη ≃ O Xη . Thus, f * (L) is a line bundle on Y , and the natural homomorphism f * f * (L) → L is injective. Hence, there is an
→ L is surjective on the generic fiber, E is a vertical divisor. Moreover, (E · F ) = 0 for every irreducible component F of fibers. Therefore, by Zariski's lemma, (
Lemma 3.8 (char(k) ≥ 0). Let C be a smooth projective curve of genus g ≥ 2. Let ϑ be a line bundle on C with ϑ ⊗2 = ω C . Let ∆ be the diagonal of C × C, and p : C × C → C and q : C ×C → C the projection to the first factor and the projection to the second factor respectively.
is generated by global sections for all n ≥ 3.
Proof. Since p * (ϑ ⊗n ) ⊗ q * (ϑ ⊗n ) is generated by global sections, the base locus of p
Thus, it is sufficient to see that
is surjective. We define L n,i to be
Then, it suffices to check H 1 (L n,n−2 ) = 0 for the above assertion. By induction on i, we will see that
Moreover, let us consider the exact sequence
Thus, by the hypothesis of induction, we can see H 1 (L n,i ) = 0. 2
SLOPE INEQUALITIES ONM g,T
Let g be a non-negative integer and T a finite set with 2g − 2 + |T | > 0. Recall that
Then, we have the following. Proof. Clearly, we may assume T = [n] for some non-negative integer n. Let us take an npointed stable curve f : X → Y such that the induced morphism h : (
is an isomorphism, so that for all y ∈ Y 1 , the number of nodes of f −1 (y) is one at most. (4) There is a projective birational morphism φ :
Let K 0 be a subset of {1, . . . , s} such that f −1 (x) is irreducible for all x ∈ B l ∩ Y 1 , and let
, and the components of (−2)-curves E 1 , . . . , E t l such that T 1 l → B l is an I l -pointed smooth curve of genus g l and T 2 l → B l is a J l -pointed smooth curve of genus h l . Moreover, the numbering of E 1 , . . . , E t l is arranged as the following figure:
Let Γ 1 , . . . , Γ n be the sections of the n-pointed stable curve of f : X → Y . By abuse of notation, the lifting of Γ a to Z 1 is also denoted by Γ a . Here we consider a line bundle L on Z 1 given by
2 ). Here, we know the following formulae:
2 ) (Noether's formula).
Thus, we can see that
On the other hand, for y ∈ Y 0 , let φ :
be a finite morphism of smooth projective curves. Then, φ
Therefore, φ * ( E| f −1 (y) ) is semistable, which means that E| f −1 (y) is strongly semistable for all y ∈ Y 0 . Thus, by Corollary 2.3, dis Z 1 /Y 1 (E) is weakly positive over any finite subsets of Y 0 as a divisor on Y 1 . Therefore, if we set Let us apply Theorem 4.1 to the casesM g,1 andM g,2 .
Corollary 4.2 (char(k) = 0). LetM g,1 =M g,{1} be the moduli space of one-pointed stable curves of genus g ≥ 1. We set δ i , µ, θ 1 ∈ Pic(M g,1 ) ⊗ Q as follows:
Then, we have the following:
(1) µ and θ 1 are weakly positive over any finite subsets of M g,1 . In particular,
, g,1 , then b, c irr , c 1 , . . . , c g−1 are non-negative.
Proof. (1) (2) This is obvious because µ = θ 1 = 0.
(3) We assume that D is nef over M g,1 . Let C be a smooth curve of genus g, and ∆ the diagonal of C × C. Let p : C × C → C be the projection to the first factor. Then, ∆ gives rise to a section of p. Hence, we get a morphism ϕ 1 :
2 . Thus, b ≥ 0. Let f 2 : X 2 → Y 2 be a hyperelliptic fibered surface and Γ 2 a section as in Proposition 3.3 for
On the generic fiber, Γ 2 is a ramification point of the hyperelliptic covering. Thus,
satisfies the conditions of Lemma 3.7. Thus, (L 2 2 ) = 0, which says us that deg(ϕ * 2 (θ 1 )) = 0. Therefore, we get c irr ≥ 0.
Finally we fix i with 1 ≤ i ≤ g − 1. Let f 3 : X 3 → Y 3 be a hyperelliptic fibered surface and Γ 3 a section as in Proposition 3.1. Let ϕ 3 :
be the set of critical values of f 3 . For each P ∈ Σ 3 , let E P be the component of genus i in f −1
(P ).
satisfies the conditions of Lemma 3.7. Therefore, (L We set δ i , σ i , µ, θ 1,2 ∈ Pic(M g,2 ) ⊗ Q as follows:
Then, we have the following.
(1) µ and θ 1,2 are weakly positive over any finite subsets of M g,2 . In particular,
.
(3) Here we set σ, µ ′ and θ ′ 1,2 as follows:
Then, we have
Proof. (1) By [11, Theorem B] or Remark 2.4, and (2) of Proposition 1.1.3, µ is weakly positive over any finite subsets of M g,2 . Further, θ 1,2 is weakly positive over any finite subsets of M g,2 by the case T = L = {1, 2} in Theorem 4.1.
(2) We assume that D is nef over M g,2 . Let C be a smooth curve of genus g, and ∆ the diagonal of C × C. Let p : C × C → C and q : C × C → C be the projection to the first factor and the second factor respectively. Moreover, let ϑ be a line bundle on C with ϑ ⊗2 = ω C and L n = p * (ϑ ⊗n )⊗q * (ϑ ⊗n )⊗O C×C ((n−1)∆). For n ≥ 3, let T n be a general member of |L n |. Then, since (L 2 n ) > 0, by Lemma 3.8, T n is smooth and irreducible. Moreover, T n meets ∆ transversally. Then, we have two morphisms p n : T n → C and q n : T n → C given by T n ֒→ C × C p −→ C and T n ֒→ C ×C q −→ C respectively. Let Γ pn and Γ qn be the graph of p n and q n in C ×T n respectively. Then, it is easy to see that Γ pn and Γ qn meet transversally, and (Γ pn · Γ qn ) = (T n · ∆) = 2g − 2. Let X → C × T n be the blowing-ups at points in Γ pn ∩ Γ qn , and let Γ pn and Γ qn be the strict transform of Γ pn and Γ qn respectively. Then, Γ pn and Γ qn give rise to two non-crossing sections of X → T n . Moreover,
In the same way, (ω X/Tn · Γ qn ) = 2(g − 1)(ng − 1). Let π n : T n →M g,2 be the induced morphism. Then, we can see that deg(π *
for all n ≥ 3. Therefore, we get b ≥ 0. Let f 2 : X 2 → Y 2 be a hyperelliptic fibered surface and Γ 2 a section as in Proposition 3.4 for i = 0. Then, Γ 2 and j(Γ 2 ) gives two points of
and deg(ϕ * 2 (δ i )) = 0 for all i = 1, . . . , g. Moreover, deg(ϕ 2 (δ irr )) > 0. On the generic fiber, two points arising from Γ 2 and j(Γ 2 ) are invariant under the action of the hyperelliptic involution. Thus,
satisfies the conditions of Lemma 3.7. Thus, (L 2 2 ) = 0, which says us that deg(ϕ * 2 (θ 1,2 )) = 0. Thus, we get c irr ≥ 0.
We fix i with 1 ≤ i ≤ g. Let f 3 : X 3 → Y 3 be a hyperelliptic fibered surface and Γ 3 a section as in Proposition 3.2. Let ϕ 3 : Y 3 →M g,2 be the induced morphism arising from the 2-pointed curve {f 3 :
(P ).
On the generic fiber, two points arising from Γ 2 and j(Γ 2 ) are invariant under the action of the hyperelliptic involution. Thus,
satisfies the conditions of Lemma 3.7. Therefore, (L 
e i σ i and θ
Thus, (3) is a consequence of (1) and (2). 2
THE PROOF OF THE MAIN RESULT
Throughout this section, we fix an integer g ≥ 3. The purpose of this section is to prove the following theorem. [1] g if and only if the following system of inequalities hold:
and
Proof. In the following proof, we denote δ i by δ {i,g−i} . Moreover, we set
For a Q-divisor D = aµ + b irr δ irr + {i,j}∈υg b {i,j} δ {i,j} , let us consider the following inequalities:
Let β :M g−1,2 →M g and α s,t :M s,1 ×M t,1 →M g ({s, t} ∈ υ g ) be the clutching maps. First, we claim the following. OnM g−1,2 , we define σ and δ i (i = 1, . . . , g − 1) as in Corollary 4.3. Moreover, we set
Then, by using (2) of Corollary 1.5.2, we can see
Here we set µ 4l(e − l)δ l ,
, where δ l 's are defined as in Corollary 4.2. Let us fix {s, t} ∈ υ g . Then, by using (1) of Corollary 1.5.2, we can see 
Therefore, (1) respectively, which gives rise to (5.1.6). Moreover, it is easy to see that (5.1.7) and (5.1.9) are equivalent to (5.1.2), so that it is sufficient to see that (5.1.10) and (5.1.11) are equivalent to (5.1.3). From now on , we assume s ≤ t. Since s(2s+1) ≤ t(2t+1), (5.1.10) and (5.1.11) are equivalent to saying that b {l,k} l(2l + 1) ≥ b {s,t} s(2s + 1)
(1 ≤ l < s) (5.1.12) b {l,k} l(2l + 1) ≥ b {s,t} t(2t + 1) (s < l < t), (5. 1.13) where k = g − l. In (5.1.12), t < k ≤ g − 1, Thus, (5.1.12) is nothing more than b {l,k} l(2l + 1) ≥ b {s,t} s(2s + 1)
(1 ≤ l < s ≤ t < k ≤ g − 1)
Moreover, in (5.1.13), s < k < t. Thus, (5.1.13) is nothing more that b {l,k} k(2k + 1) ≥ b {s,t} t(2t + 1) (1 ≤ s < l ≤ k < t ≤ g − 1).
Therefore, replacing {s, t} and {l, k}, we have b {s,t} t(2t + 1) ≥ b {l,k} k(2k + 1)
(1 ≤ l < s ≤ t < k ≤ g − 1).
Thus, we get Claim 5.1.5.
By Claim 5.1.5, it is sufficient to show the following claim to complete the proof of Theorem 5.1. (2) and (3), then D is nef overM [1] g . Conversely, we assume that D is nef overM g ) for all i, then D is nef overM [1] g . In particular, the Mori cone ofM g is the convex hull spanned by curves lying on the boundaryM g \ M g , which gives rise to a special case of [5 [1] g . Let Nef ∆ (M g ) be the dual cone of the convex hull spanned by curves on the boundary ∆ = M g \ M g . In order to see the last assertion of this corollary, it is sufficient to check Nef ∆ (M g ) = Nef(M g ), which is a consequence of the first assertion. 3 (resp.M [1] polyhedron):
(0,0) ( 1 12 ,0)
( 1 9 , 1
3 )
The area of (b 0 , b 1 ) with λ − b 0 δ 0 − b 1 δ 1 nef overM 
